Abstract Hypersubstitutions are mappings which map operation symbols to terms of the corresponding arities. They were introduced as a way of making precise the concept of a hyperidentity and generalizations to M -hyperidentities. A variety in which every identity is satisfied as a hyperidentity is called solid. If every identity is an M -hyperidentity for a subset M of the set of all hypersubstitutions, the variety is called M -solid. There is a Galois connection between monoids of hypersubstitutions and sublattices of the lattice of all varieties of algebras of a given type. Therefore, it is interesting and useful to know how semigroup or monoid properties of monoids of hypersubstitutions transfer under this Galois connection to properties of the corresponding lattices of M -solid varieties. In this paper, we study the order of each hypersubstitution of type (2, 2), i.e., the order of the cyclic subsemigroup generated by that hypersubstitution of the monoid of all hypersubstitutions of type (2, 2). The main result is that the order is 1, 2, 3, 4 or infinite. 
Preliminaries
Let N denote the set of all positive integers. Let X := {x 1 , x 2 , x 3 , . . .} be a countably infinite alphabet of variables and for n ∈ N, let X n := {x 1 , . . . , x n } be an n-element alphabet. Let (f i ) i∈I be an indexed set of operation symbols which is disjoint with X. Here f i is n i -ary for a natural number n i ≥ 1. The sequence τ = (n i ) i∈I is called a type.
For n ≥ 1, an n-ary term of type τ is inductively defined as follows: (i) Every variable x i ∈ X n is an n-ary term; (ii) If t 1 , . . . , t n i are n-ary terms and f i is an n i -ary operation symbol then f i (t 1 , . . . , t n i ) is an n-ary term.
Let W τ (X n ) be the smallest set containing x 1 , . . . , x n , which is closed under finite application of (ii). The set of all terms of type τ over the alphabet X is defined as
which maps each n i -ary operation symbol f i of the type to an n i -ary term of the type. Any hypersubstitution σ of type τ uniquely induces a mapσ on W τ (X) as follows:
A binary operation • h can be defined on the set Hyp(τ ) of all hypersubstitutions of type τ . For σ 1 , σ 2 ∈ Hyp(τ ), we define (
for all n i -ary operation symbols f i . The set Hyp(τ ) is closed under this associative composition operation and so forms a semigroup. In fact, Hyp(τ ) is a monoid, since the identity hypersubstitution σ id mapping every is an M -hyperidentity of V . If M is a submonoid of Hyp(τ ), then the collection of all M -solid varieties of type τ is a complete sublattice of the lattice of all varieties of type τ . For more background, we refer to [2] .
Let σ ∈ Hyp(τ ) and let σ := {σ n | n ∈ N} be the cyclic subsemigroup of Hyp(τ ) generated by σ. The order of σ ∈ Hyp(τ ) is defined as the order of the semigroup σ . If σ is finite, then the order of the hypersubstitution σ is finite, otherwise the order of σ is infinite. The hypersubstitution σ is idempotent if and only if the order of σ is 1. In this paper, we focus on type (2, 2) since important varieties like semirings and lattices have this type.
It was shown in [3] that the order of a hypersubstitutions of type (2) is 1, 2 or infinite. The order of hypersubstitutions of type (3) is 1, 2, 3 or infinite ([4] ). For type (2, 2), we have the following result, which will be proved in this paper: Main Theorem The order of a hypersubstitution of type (2, 2) is 1, 2, 3, 4 or infinite.
Throughout this paper, let f and g be the binary operation symbols of type (2, 2). For binary terms a and b of type (2, 2) we denote by σ a,b the hypersubstitution which maps the operation symbol f to the term a and the operation symbol g to the term b.
For a binary term t ∈ W (2,2) (X 2 ) we introduce the following notation: leftmost(t) − the first variable (from the left) occurring in t, rightmost(t) − the last variable occurring in t, var(t) − the set of all variables occurring in t, ops(t) − the set of all operation symbols occurring in t, firstops(t) − the first operation symbol (from the left) occurring in t, op(t) − the total number of all operation symbols occurring in t. In case (I) terms a and b are elements of the set {x 1 , x 2 , f(x 1 , x 2 ), f(x 2 , x 1 ), f(x 1 , x 1 ), f (x 2 , x 2 ), g(x 1 , x 2 ), g(x 2 , x 1 ), g(x 1 , x 1 ), g(x 2 , x 2 )}. For σ a,b we have 100 cases. The order in each of these cases can be listed in a 10 by 10 table, shown below. The results can be obtained by simple calculation.
